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Variation of moduli of parabolic Higgs bundles
Michael Thaddeus
Department of Mathematics, Columbia University
2990 Broadway, New York, N.Y. 10027
A moduli problem in algebraic geometry is the problem of constructing a space para-
metrizing all objects of some kind modulo some equivalence. If the equivalence is anything
but equality, one usually has to impose some sort of stability condition on the objects repre-
sented. In many cases, however, this stability condition is not canonical, but depends on a
parameter, which typically varies in a finite-dimensional rational vector space. The moduli
spaces obtained for different values of the parameter are birational (at least if there are any
stable points), and for several moduli problems the birational transformations between the
different moduli spaces have been well characterized.
Without exception, it has been found that the space of parameters contains a finite
number of hyperplanes called walls on whose complement the stability condition is locally
constant, so that the moduli space undergoes a birational transformation when a wall is
crossed. If the moduli spaces are smooth, the birational transformation typically has the
following very special form. A subvariety of the moduli space, isomorphic to the total space
of a Pm -bundle, is blown up; the resulting exceptional divisor is a Pm× Pn -bundle over the
same base; and it is blown down along the other ruling to yield the new moduli space, which
therefore contains the total space of a Pn -bundle.
The object of this paper is to extend the narrative above to the moduli spaces of parabolic
Higgs bundles on a curve. However, there is a twist in the tale. The walls, to be sure, still
exist and play their usual role. But when a wall is crossed, the birational transformation
undergone by the moduli space is not of the form described above. Rather, it is a so-
called elementary transformation. These are birational transformations defined on varieties
admitting a holomorphic symplectic form, in which the exceptional divisor is a partial flag
bundle, indeed a PT ∗Pn -bundle. They were discovered by Mukai [9] in the early 1980s, on
moduli spaces of sheaves on abelian and K3 surfaces; since then they have been observed
in several settings. See Huybrechts [6, 7] for an informative discussion. Because of their
symplectic nature, the appearance of these transformations on the Higgs moduli spaces is
quite natural. It also seems to be related to the non-triviality of the obstruction space to
the moduli problem, a hint that would be worth pursuing.
The variation of moduli of ordinary parabolic bundles, without a Higgs field, was studied
by Boden and Hu [1]. They described the projective bundles that are the exceptional loci
of the birational transformations. A paper of the author [16, §7] used geometric invariant
theory to show that the moduli spaces on either side of the wall become isomorphic after
these exceptional loci are blown up. The present work, although it describes a similar result
for parabolic Higgs bundles, does not use geometric invariant theory. Rather, it resembles
another work of the author [15] which studied similar phenomena in the moduli spaces of
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so-called Bradlow pairs.
More recently, Boden and Yokogawa [2] studied the moduli spaces of parabolic Higgs
bundles which are our present concern, and in particular computed their Betti numbers.
They found that these are unchanged by crossing a wall (which also follows directly from
our main result). This was explained by subsequent work of Nakajima [10], who showed that
the moduli spaces on either side of a wall are actually diffeomorphic. Nakajima’s method of
proof uses a family similar to those of Simpson [12, 13, 14], containing both of the moduli
spaces in question as fibers. This is similar to the argument used by Huybrechts [6] to prove
that compact holomorphic symplectic varieties related by an elementary transformation are
diffeomorphic.
Here is an outline of the contents of the paper. Section 1 reviews a simple example
providing a local model for the elementary transformations we shall encounter. Section 2
reviews the definition of parabolic Higgs bundles, the basic facts about their moduli spaces,
and the chamber structure on the space of parameters, known as weights. Section 3 reviews
the deformation theory of parabolic Higgs bundles. Section 4 shows how to perform an
elementary modification, in the bundle sense, of a family of parabolic Higgs bundles along a
Cartier divisor, which will be useful in section 6. Section 5 describes the locus of parabolic
Higgs bundles which become unstable when the weights cross a wall. This is the locus
which must be removed from the moduli space, and hence the exceptional locus of the
birational map. Finally, section 6 characterizes the birational map as the smooth blow-up
and blow-down of the moduli space along the exceptional locus. The exceptional divisor
which dominates this locus is the partial flag bundle.
A few words on notation. The boldface letters are reserved for parabolic Higgs bundles,
and for the hyper-objects which arise from studying them. Thus H denotes hypercoho-
mology, h its dimension, R a hyper-direct image, Hom and End the two-term complexes
defined in §3, and so on. Both parabolic Higgs bundles and two-term complexes will occa-
sionally be tensored by a line bundle L, which means the obvious thing: that every vector
bundle appearing in the definition gets tensored by L.
1 An elementary transformation as a pair of geometric quotients
Let G = C× act on X = Cm+1×Cn+1 by λ(u⊕v) = λu⊕λ−1v . If R = C[x0, . . . , xm, y0, . . . , yn]
is the coordinate ring of X , then the action of G induces a Z-grading R =
⊕
k∈ZRk in
which deg xi = 1 and deg yj = −1. The usual affine quotient X/G is then SpecR0 , which
is singular. Topologically, it is the quotient of X by the equivalence relation generated by
orbit closure.
But there are also two smooth quotients of open subsets of X , namely X+ = Proj
⊕
k≥0Rk
and X− = Proj
⊕
k≤0Rk . These are both resolutions of X/G. They are geometric quo-
tients, the former of (Cm+1 \ 0)×Cn+1 , and the latter of Cm+1×(Cn+1 \ 0), by the G-action.
Consequently, X+ is the total space of O(−1)n+1 over Pm , while X− is the total space of
O(−1)m+1 over Pn .
It is not hard to show that the blow-ups of these bundles along their zero-sections are
isomorphic, with the same exceptional divisor Pm× Pn . In fact, both are isomorphic to the
fibered product X+×X/GX
− : see for example Brion-Procesi [3] or the author [16]. We shall
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refer to this whole construction as the standard example.
Now suppose that m = n. Inside X there is then a G-invariant hypersurface Y defined
by
∑n
i=0 xiyi = 0. This is the cone on a smooth quadric, so it is singular only at the origin.
Consequently, its images Y + and Y − in the quotients X+ and X− are smooth, and the
birational map X+ 99K X− restricts to one Y + 99K Y − .
Since Y contains both axes, Y + and Y − contain the zero-sections which are blown
up. The normal bundle to Y , restricted to (Cn+1 \ 0) × 0, is the trivial bundle given by
evaluating
∑
xiyi . So the normal bundle to P
n in Y − is the kernel of the tautological map
O(−1)n+1 → O , which is nothing but T ∗Pn . Likewise the normal bundle to Pn in Y + is
also T ∗Pn . The exceptional divisor in Y˜ , the proper transform of Y ± in the blow-up of
X , is therefore PT ∗Pn , which is the manifold parametrizing partial flags of type (1, n) in
Cn+1 . The two natural projections to Pn are the restrictions of the blow-downs Y˜ → Y ±
to PT ∗Pn .
This is the simplest example of an elementary transformation in the sense of Mukai
[9]. It differs from the standard example in that the exceptional divisor is not a product.
Furthermore, the blow-ups are contained in the fibered product Y +×Y/G Y
− , but not equal
to it. A dimension count shows that the product of the exceptional divisors forms another
irreducible component.
The moduli problems whose variation has been studied in the past exhibit transforma-
tions that locally resemble the standard example X± . However, as will be seen, the spaces
of parabolic Higgs bundles exhibit transformations that locally resemble the variant Y ± .
2 Parabolic Higgs bundles
Now fix, for the remainder of the paper, a smooth complex projective curve C of genus g
with distinguished points p1, . . . , pn , where 2g − 2 + n ≥ 0. Denote D the effective divisor
p1 + · · ·+ pn .
A quasi-parabolic Higgs bundle E consists of an algebraic vector bundle E over C
equipped with the following two things. First, a quasi-parabolic structure consisting of a
full flag
0 = Ei,0 ⊂ Ei,1 ⊂ · · · ⊂ Ei,r = Epi
in the fiber of E at each pi . (It is more standard to allow partial flags, but we do not since
our problem is more complicated in that case.) Second, a Higgs field φ ∈ H0(EndE⊗K(D))
such that φ(Ei,j) ⊂ Ei,j−1 ⊗K(D). A parabolic Higgs bundle or PHB is a quasi-parabolic
Higgs bundle equipped further with parabolic weights, real numbers
1 = αi,0 > αi,1 > · · · > αi,r ≥ 0(2.1)
associated to each pi . The parabolic degree of a PHB is defined to be pdegE = degE +∑
i,j αi,j .
A subbundle F of a PHB E can be given a quasi-parabolic structure simply by in-
tersecting the flags with Fpi , and discarding any subspace Ei,j ∩ Fpi which coincides with
Ei,j−1 ∩ Fpi . The weights are assigned accordingly. Likewise, for the quotient E/F , the
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flags can be projected to Epi/Fpi . The weights of E/F are precisely those not assigned to
F . A Higgs field φ on E also restricts to one on F , and projects to one on E/F , provided
that F is φ-invariant, meaning that φ(F ) ⊂ F ⊗K(D). Thus if F is φ-invariant, it can
be regarded as a sub-PHB F .
A PHB E is said to be semistable if for all proper sub-PHBs F ,
pdegF / rkF ≤ pdegE/ rkE,(2.2)
and stable if the equality is always strict.
For fixed rank r , degree d , and weights αi,j , Yokogawa [17] has constructed a moduli
space M of semistable PHBs which is a normal quasi-projective variety of dimension
2r2(g − 1) + 2 + nr(r − 1).
As usual in such a moduli problem, it parametrizes semistable PHBs modulo an equivalence
which, on the stable PHBs, is nothing but isomorphism. Standard arguments as in Newstead
[11, §5.5] imply the existence of a universal family over the locus of stable PHBs.
For purely numerical reasons, PHBs which are semistable but not stable can only appear
when the weights take special values. The space of all possible values for the weights αi,j
can be viewed as a product S = Snr of n open simplices of dimension r , determined by
(2.1). Any PHB which is semistable but not stable with respect to weights (αi,j) must have
an invariant subbundle such that equality holds in (2.2). This means that
rkF pdegE = rkE pdegF
and hence
r+
(
d+
∑
i,j
αi,j
)
= r
(
d+ +
∑
i,j
n+i,jαi,j
)
,(2.3)
where r+ = rkF , d+ = degF , and the n+i,j = dim(Ei,j ∩ Fpi)/(Ei,j−1 ∩ Fpi), the latter all
being either 0 or 1. We will refer to r+ , d+ , and n+i,j as the discrete data d
+ associated
to any subbundle of a PHB. If the discrete data are fixed, equation (2.3) requires that the
point (αi,j) belongs to the intersection of an affine hyperplane with S . Call this intersection
a wall. Now r+ and the n+i,j can only take a finite number of values, since 0 < r
+ < rkE
and 0 ≤ n+i,j ≤ 1, and for each choice of these, there are only finitely many values of d
+ for
which the affine hyperplane touches S . The walls are therefore finite in number.
(2.4) The only other discrete data d− giving rise to the same wall are r− = r − r+ ,
d− = d− d+ , and n−i,j = 1− n
+
i,j .
This is readily verified from (2.3). However, it is what fails if the flags are not full.
On the complement of the walls, the stability condition is evidently equivalent to semi-
stability, and is locally constant. On each connected component of the complement, called a
chamber, the moduli space of stable PHBs is therefore a fixed quasi-projective variety. The
remainder of the paper is devoted to showing how the moduli space changes when a wall is
crossed.
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3 Deformation theory of parabolic Higgs bundles
We will need some basic facts about the deformation theory of PHBs. This has been worked
out very carefully by Yokogawa [18, 2.1, 4.2] and Markman [8, 6.3]. Most of the results we
need are special cases of their work, so we will only sketch the proofs here.
Given bundles E , F over C with parabolic structures at p1, . . . , pn and weights αi,j
and βi,k respectively, a homomorphism ρ : E → F is said to be parabolic if ρ(Ei,j) ⊂
Fi,k−1 whenever αi,j > βi,k , and strongly parabolic if ρ(Ei,j) ⊂ Fi,k−1 whenever αi,j ≥ βi,k .
Let ParHom(E, F ) and SPar Hom(E, F ) denote the subsheaves of Hom(E, F ) consisting
of parabolic and strongly parabolic homomorphisms, respectively. Also let Par EndE =
ParHom(E,E) and SPar EndE = SParHom(E,E). Note that SParHom(E, F (D)) is
naturally dual to ParHom(F,E) and that any Higgs field φ belongs to H0(SPar EndE ⊗
K(D)) by definition.
If E and F are PHBs with Higgs fields φ and ψ respectively, define then a two-term
complex Hom(E,F ) by
ParHom(E, F ) −→ SPar Hom(E, F )⊗K(D),(3.1)
with the map given by f 7→ fφ− ψf . Also let EndE = Hom(E,E).
(3.2) The endomorphisms and infinitesimal deformations of a PHB E are given by the
hypercohomology H0(EndE) and H1(EndE) respectively.
Sketch of proof. Choose trivializations of E on open sets Vα covering C .
The local endomorphisms gα ∈ H0(Vα; Par EndE) define a global endomorphism of E if
and only if first, they agree on the overlaps, and second, they preserve the Higgs field. This
happens precisely when the two components of the hypercohomology differential on Cˇech
cochains
C0(Par EndE) −→ C1(Par EndE)⊕ C0(SPar EndE ⊗K(D))
both vanish on (gα).
Let S = SpecC[ε]/(ε2) be the spectrum of the ring of dual numbers. Then an infinitesi-
mal deformation of E , that is, an extension of E to S×C , has transition functions 1+εfαβ
and local Higgs fields φ+ εψα for
(fαβ , ψα) ∈ C
1(Par EndE)⊕ C0(SPar EndE)⊗K(D).
The compatibility conditions say that this is a Cˇech cocycle, and equivalent deformations
differ by a change of trivialization, which is a Cˇech coboundary. ✷
(3.3) Let E and F be stable PHBs such that pdegE/ rkE ≥ pdegF / rkF . Then
h
0(Hom(E,F )) = 1 if E and F are isomorphic, and 0 otherwise.
In particular, H0(EndE) consists only of scalar multiplications.
Sketch of proof. If ψ ∈ H0(Hom(E,F )) is not an isomorphism or zero, then either its
kernel or its image generates a destabilizing subbundle. If it is an isomorphism different
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from a scalar times the identity, then ψ−λ id is not an isomorphism or zero for some scalar
λ . ✷
(3.4) Let E and F be families of PHBs over C parametrized by the same variety X , and
suppose that Ex ∼= F x for all x ∈ X . Then there exists a line bundle L over X such that
F ∼= E ⊗ pi∗L, where pi : C ×X → X is the projection.
Sketch of proof. Let L be the hyper-direct image (R0pi)∗Hom(E,F ). This is a line bundle
by (3.3), and it is straightforward to construct the desired isomorphism. ✷
If Hom∗ denotes the complex obtained from Hom by taking duals and reversing
arrows, then the natural duality mentioned at the beginning of the section implies that
Hom(E,F ) = Hom∗(F ,E) ⊗ K . By Serre duality for hypercohomology, it follows that
H
i(Hom(E,F )) = H2−i(Hom(F ,E))∗ . Thus if E is stable, h0(EndE) = h2(EndE) =
1 by (3.3), so h1(EndE), the dimension of the deformation space, depends only on the
rank and degree of E . Hence the moduli space is smooth at the stable points, with tangent
space TEM = H1(EndE).
Furthermore, this tangent space is naturally self-dual. This induces a nondegenerate
holomorphic 2-tensor on the moduli space M . It turns out to be alternating and closed,
and hence a symplectic form, but we will not need to know this.
Given bundles E+ , E− over C with parabolic structures at p1, . . . , pn , an extension of
E− by E+ is a short exact sequence
0 −→ E+ −→ E −→ E− −→ 0,
where E has parabolic structure at p1, . . . , pn , all morphisms are parabolic, and the weights
of E at pi are those of E
+ together with those of E− , ordered so that they are decreasing.
(To prevent repeats, assume that αi,j 6= βi,k for all i, j, k .) A direct sum of parabolic bundles
is, of course, a split extension. An extension of PHBs E− by E+ is an extension of the
underlying parabolic bundles as above, together with a Higgs field φ on E which restricts
to the given Higgs field on E+ (in particular, E+ is φ-invariant) and projects to the given
Higgs field on E− (this projection being well-defined thanks to the φ-invariance of E+ ).
(3.5) If E+ and E− are PHBs, the extensions of E− by E+ , modulo equivalence, are
classified by H1(Hom(E−,E+)).
Sketch of proof. In terms of local trivializations of E+ and E− on an open cover Vα , any
extension must have transition functions and Higgs fields of the forms(
1 fαβ
0 1
)
and
(
1 ψα
0 1
)
,
respectively, for a Cˇech cochain
(fαβ, ψα) ∈ C
1(ParHom(E−, E+))⊕ C0(SParHom(E−, E+)⊗K(D)).
The compatibility conditions say that this is a Cˇech cocycle, and equivalent extensions differ
by a Cˇech coboundary. ✷
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For any extension E of PHBs E− by E+ , let Par End′E and SPar End′E be the
subsheaves of Par EndE and SPar EndE preserving E+ , and let End′E be the complex
defined as in (3.1), but using these subsheaves.
(3.6) The endomorphisms and infinitesimal deformations of the extension (that is, of E
together with the sub-PHB E+) are given by H0(End′E) and H1(End′E) respectively.
Sketch of proof. Similar to that of (3.2), except that both the transition functions and
the local Higgs fields must be upper-triangular with respect to parabolic local splittings
E|Vα = E
+|Vα ⊕E
−|Vα . ✷
4 Elementary modification of families of parabolic Higgs bundles
Let E be a family of PHBs over C parametrized by a base scheme Y of finite type, and let
ι : Z → Y be a Cartier divisor. Let E+ ⊂ E|C×Z be a family on Z of sub-PHBs, and let
E
− be the family of quotients.
Let E ′ be the kernel of the natural surjection E → ι∗E− of coherent sheaves. As the
elementary modification of a locally free sheaf along a Cartier divisor, this is locally free [4,
2.16].
At every point x ∈ Z , by (3.1) and (3.6) there are deformation maps TxY →H1(EndE)
and TxZ →H
1(End′E). Since there is a short exact sequence of two-term complexes
0 −→ End′E −→ EndE −→ Hom(E+,E−) −→ 0,
this determines a well-defined map from the normal space to H1(Hom(E+,E−)). Since the
normal space to a Cartier divisor is 1-dimensional, this gives a class ρx ∈H1(Hom(E+,E−)),
well-defined up to a scalar.
(4.1) There is a natural family E′ of PHBs with underlying bundle E ′ , such that for
x 6∈ Z , E′x = Ex , and for x ∈ Z , E
′
x is an extension of E
+
x by E
−
x with extension class
ρx .
Proof. Let Ei,0 ⊂ Ei,1 ⊂ · · · ⊂ Ei,r be the filtration of E|{pi}×Y defining the parabolic
structure. Then the image of each Ei,j in ι∗(E
−|{pi}×Z) is a subbundle. Hence E
′
i,j = Ei,j ∩
E ′|{pi}×Y is an elementary modification of Ei,j , and hence a subbundle of E
′|{pi}×Y . Since
these subbundles are nested, this provides a family of parabolic bundles with underlying
bundle E ′ .
Since E+ is a family of sub-PHBs of E|C×Z , the Higgs field φ of E preserves E ′ . It
therefore induces a section φ′ of EndE ′⊗K(D). This agrees with φ away from Z , so there
it certainly satisfies the condition φ′(E ′i,j) ⊂ Ei,j−1 ⊗K(D). But this is a closed condition,
so it is satisfied everywhere and φ′ is a Higgs field. This provides the desired family E′ of
PHBs, which agrees with E away from Z .
It remains only to prove the last statement. We claim that the general case follows from
the special case where Y is S = SpecC[ε]/(ε2), the spectrum of the ring of dual numbers,
and Z is the closed point. For in the general case, given any x ∈ Z , choose an embedding
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S → X which takes the closed point to x, but whose image is not contained in Z . The
pull-back of the exact sequence
0 −→ E ′ −→ E −→ ι∗E
− −→ 0
to C × S is then still exact: since tensoring with the ring of dual numbers is exact on the
right, the only doubtful thing is the injectivity of the first map, and this follows since S
not contained in Z implies that E ′S and ES are isomorphic at the generic point, and any
map of locally free sheaves which is an isomorphism at the generic point is injective. And
the constructions of the previous paragraphs for a parabolic structure and Higgs field on E ′
clearly commute with this pull-back.
Choose an open cover Vα of C where Ex splits as a direct sum of parabolic bundles,
Ex|Vα = E
+
x |Vα ⊕ E
−
x |Vα , and extend this splitting over S × Vα . Relative to this splitting,
E ′x|Vα = E
+
x |Vα ⊕ (E
− ⊗ I(ε))x|Vα . Since Ex is an extension, the transition functions on
Vα ∩ Vβ and the Higgs field on Vα respectively have the forms
(
1 + ε∗ ∗
εfαβ 1 + ε∗
)
and
(
φ+ + ε∗ ∗
εψα φ
− + ε∗
)
,
where φ± are the Higgs fields on E± , and
(fαβ , ψα) ∈ C
0(ParHom(E+x , E
−
x ))⊕ C
1(SPar Hom(E+x , E
−
x )⊗K(D))
is a Cˇech cochain representing the class ρx .
The fibers of E ′x are spanned by nonvanishing sections of E
+ , and by ε times nonvan-
ishing sections of E− . Hence to find the transition functions and local Higgs fields for E′x ,
we must take the coefficients of (
ε0 ε−1
ε1 ε0
)
in the above matrices. These are(
1 0
fαβ 1
)
and
(
1 0
ψα 1
)
respectively. Consequently, E′x is precisely the extension of E
+
x by E
−
x with extension class
ρx , as desired. ✷
5 What appears and disappears when a wall is crossed
Choose a point in Snr lying on only one wall W . A small neighborhood of this point touches
exactly two chambers, say ∆+ and ∆− , and our goal in this section is to see what PHBs
become unstable as we pass from one to the other.
Say a quasi-PHB is ∆+ -stable (resp. ∆− -stable) if it is stable with respect to weights
(αi,j) ∈ ∆+ (resp. ∆− ). Then we seek those E that are ∆− -stable but ∆+ -unstable.
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To put it another way, let M+ and M− denote the moduli spaces of ∆+ -stable and
∆− -stable PHBs, respectively. Since, as we will see, a generic ∆− -stable PHB is also ∆+ -
stable, there is a birational map M− 99KM+ . We seek to understand the exceptional locus
of this map.
Choosing the wall W is equivalent to choosing discrete data d+ so that equality holds
in (2.3) when (αi,j) ∈ W . According to (2.4), the only ambiguity is the possibility of
exchanging d+ for d− . By making this exchange if necessary, we may assume without loss
of generality that ≥ holds in (2.3) when (αi,j) ∈ ∆+ .
(5.1) If E is ∆− -stable but ∆+ -unstable, then any destabilizing bundle has discrete data
d
+ .
Proof. As the weights (αi,j) cross from ∆
+ to ∆− , the destabilizing subbundle E+ of E
must cease to destabilize. Hence the inequality (2.2) must change from > to < . By (2.4),
this implies that E+ has discrete data d+ . ✷
(5.2) If E is ∆− -stable but ∆+ -unstable with destabilizing subbundle E+ , then E+ and
the quotient E− are both ∆+ -stable and ∆− -stable.
Proof. A ∆+ -destabilizing subbundle of E+ would also destabilize E and have different
discrete data. Similarly, the inverse image in E of a destabilizing subbundle of E− would
destabilize E and have different discrete data. Hence E± are ∆+ -stable. If they were
∆− -unstable, the destabilizing subbundle would again have different discrete data from d+
or d− and so would violate (2.4). ✷
(5.3) If E is ∆− -stable but ∆+ -unstable, then the ∆+ -destabilizing subbundle E+ is
unique.
Proof. Let E− be the quotient of E by E+ . If F is another ∆+ -destabilizing subbundle,
by (5.2) it is ∆+ -stable, and by (5.1) it must have the same discrete data, and in particular,
rank. There is then a nontrivial homomorphism F → E− of PHBs, and hence a nontrivial
element of H0(Hom(F ,E−)), contradicting (3.3). ✷
(5.4) Let E+ and E− be ∆+ -stable PHBs with discrete data d+ and d− . Then any
extension of E− by E+ is ∆+ -unstable, and is ∆− -stable if and only if it is not split.
Proof. The ∆+ -instability is obvious: E+ is the destabilizing sub-PHB. It is equally clear
that if E splits as E+ ⊕E− , then E− is ∆− -destabilizing.
If the extension E is ∆− -unstable, on the other hand, then by (5.3) the ∆− -destabilizing
subbundle F must not be ∆+ -destabilizing, and hence has discrete data d− . The composite
map F → E → E− must be a nontrivial homomorphism of PHBs, since F and E− have
the same incidences with the flags. Hence there is a nonzero element of H0(Hom(F ,E−)),
which by (3.3) must be an isomorphism, and hence splits E . ✷
Putting together the last four results, we find:
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(5.5) If E is ∆− -stable but ∆+ -unstable, then it can be expressed uniquely as a nonsplit
extension of PHBs
0 −→ E+ −→ E −→ E− −→ 0
where E± are stable with discrete data d± . Conversely, any such extension is ∆− -stable
but ∆+ -unstable.
So let N+ and N− be the moduli spaces of semistable (hence stable) PHBs with discrete
data d+ and d− , respectively, and let E± be universal PHBs over N±×C . Define U± to be
the hyper-direct images (R1pi)∗Hom(E
±,E∓), where pi is the projection on N+×N− . By
(3.3) and Serre duality for hypercohomology, (R0pi)∗ and (R
2pi)∗ vanish, so U
± are vector
bundles and are dual to each other. The projectivization PU− parametrizes all non-split
extensions of PHBs in N− by those in N+ . Applying the Leray spectral sequence first to
the projection N+×N−×C → N+×N− , then to the projection PU− → N+×N− , gives
natural isomorphisms
H0(N+ ×N−; U+ ⊗ U−) = H1(N+ ×N− × C; U+ ⊗Hom(E−,E+))
= H1(PU− × C; Hom(E−,E+)⊗O(1)).
The image of the identity endomorphism has the tautological property that, for any x ∈
PU− , its restriction to {x}×C is the class in H1(C;Hom(E−x ,E
+
x )) determined by x, up
to a scalar. It therefore can be used to define a universal extension of E− by E+ ⊗ O(1):
let
(α, β) ∈ C1(ParHom(E−, E+(1)))⊕ C0(SPar Hom(E−, E+(1))⊗K(D))
be a Cˇech representative; then α defines a family of extensions of parabolic bundles, and β
defines a family of Higgs fields on them, just as in (3.5).
By (5.4) every PHB in this family is d− -stable. So by the universal property of the
moduli space M− , there exists a morphism PU− →M− whose image is precisely the locus
of PHBs which become unstable when the wall is crossed. An easy dimension count shows
that dimPU− < dimM− , and hence that a generic ∆− -stable PHB is also ∆+ -stable, as
promised.
Let V − be the cotangent bundle to the fibers of PU− . Then there is certainly a map
pi− : PV − → PU− , but the “Euler sequence” of the cotangent bundle in this case is
0 −→ V −
pi+
−→ U+(−1) −→ O −→ 0,
so there is also a map pi+ : PV − → PU+ . In fact PV − is the bundle of partial flags in U−
of type (1, rkU− − 1), and pi± are the forgetful morphisms that discard one subspace.
(5.6) The morphism PU− →M− is an embedding with normal bundle V − , such that the
following diagram commutes:
TxM− −→ H1(EndEx)y
y
V −x
pi+
−→ H1(Hom(E+x ,E
−
x )).
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Proof. It follows from (5.3) that the morphism is injective. To show that it is an embedding,
we must show that its derivative is also injective.
Consider the long exact sequence over {x} × C of
0 −→ Hom(E−,E+(1)) −→ End′E −→ EndE+ ⊕ EndE− −→ 0.
Call these complexes A· , B· , and C · respectively. By Serre duality and (3.3), h2(C ·) = 2
and h2(A·) = 0. Therefore h2(B·) = 2. On the other hand, by (3.3) again, h0(B·) = 1,
generated by scalar multiplications, since B· is a subcomplex of EndE . The connect-
ing homomorphism from H0(C ·) to H1(A·) therefore has rank 1. Its image must be the
line spanned by the extension class ρ of E . This follows from exactness, since by (3.6)
H
1(End′E) classifies infinitesimal deformations of extensions, and the deformation of any
extension along its extension class is certainly isomorphic to a trivial one.
On the other hand, PU− parametrizes a family of extensions, so for each x ∈ PU− , there
is a natural map TxPU
− → H1(End′Ex). By the previous paragraph this extends to a
short exact sequence of maps:
0 −→ (V −)∗ −→ TPU− −→ TN+ ⊕ TN− −→ 0y
y
y
y
y
0 −→ H1(A·)/〈ρ〉 −→ H1(B·) −→ H1(C ·) −→ 0.
The outer maps are clearly isomorphisms, hence so is the middle one by the 5-lemma.
Now consider the long exact sequence over {x} × C of
0 −→ End′E −→ EndE −→ Hom(E+(1),E−) −→ 0.
It shows that H1(End′E) injects in H1(EndE); since the former is TPU− , and the
latter is TM , this completes the proof that the derivative of our morphism is injective.
Furthermore, since h2(Hom(E+(1),E−)) = 0, h2(EndE) = 1, and h2(End′E) = 2
as seen above, the connecting homomorphism H1(Hom(E+(1),E−)) → H2(End′E) has
rank 1, and hence the map H1(EndE) → H1(Hom(E+(1),E−)), whose image is the
normal bundle we seek, has corank 1. Now this map is Serre dual to the natural map
H
1(Hom(E−,E+(1))) → H1(EndE) taking a deformation of the extension class ρ of
E to a deformation of the bundle itself. Since, as observed before, a deformation in the
direction of ρ itself is isomorphic to a trivial deformation, the kernel of this map contains
the line through ρ, hence equals it since it has rank 1. Therefore the normal bundle is the
annihilator of ρ in H1(Hom(E+(1),E−)), which is exactly V − . ✷
6 The elementary transformation of the moduli space
Let M˜− be the blow-up of M− along the image of the embedding PU− →M− of (5.6).
The exceptional divisor is PV − , which is the bundle of partial flags in U− of type (1, rkU−−
1). Since U+ is dual to U− , forgetting the 1-dimensional subspace gives a morphism PV − →
PU+ .
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(6.1) There is a morphism M˜− →M+ such that the following diagram commutes:
M− \PU− −→ M˜− ←− PV −y
y
ypi+
M+ \PU+ −→ M+ ←− PU+.
Proof. Let E be the universal PHB over M− . By uniqueness of families (3.4), the restric-
tion E|PU−×C is isomorphic to the universal extension of E
− by E+(1) defined after (5.5),
tensored by the pull-back of a line bundle L over PU− .
So if E is pulled back to M˜− , then its restriction to the exceptional divisor PV − has a
family E+ ⊗ L(1) of sub-PHBs.
Let E′ be the elementary modification of E along this family, in the sense of (4.1). Then
for x 6∈ PV − , E′x = Ex , while for x ∈ PV
− , E′x is an extension of E
+
x by E
−
x , with ex-
tension class given by the image of the normal space Nx(PV
−/M˜−) in H1(Hom(E+,E−))
via the deformation map of E . This is precisely pi+(x), as we see from the commutative
diagram
TxM˜− −→ Tpi−(x)M
− −→ H1(EndEx)y
y
y
Nx(PV
−/M˜−) −→ V −pi−(x)
pi+
−→ H1(Hom(E+x ,E
−
x )).
This defines a map M˜− →M+ such that the diagram in the statement commutes; by
the universal property of M+ , it is a morphism. ✷
This brings us to our main result.
(6.2) There is a natural isomorphism M˜− ↔ M˜+ such that the following diagram com-
mutes:
M− \PU− −→ M˜− ←− PV −xy xy xy
M+ \PU+ −→ M˜+ ←− PV +.
Proof. The roles of the plus and minus signs in the previous proposition are completely
interchangeable, so we have morphisms M˜− → M+ and M˜+ → M− . Combining these
with the blow-downs M˜± →M± gives injections of both M˜+ and M˜− into M+ ×M− .
Indeed, both injections are embeddings, since as is easily checked they annihilate no tangent
vectors, and both have the same image, namely the closure of the graph of the isomorphism
M− \PU− ↔ M+ \PU+ . Moreover, the image of both PV + and PV − is the incidence
correspondence between PU+ and PU− . ✷
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The author’s previous work [16] showed that, in the case of ordinary parabolic bundles,
the blow-up of the moduli space M− is actually isomorphic to the fibered product M+×M0
M− . It is clear from the construction that the blow-up in the case of PHBs is an irreducible
component of the fibered product. But, as in the model of §1, there is another component.
A dimension count shows that the fibered product of the exceptional divisors has the same
dimension as the blow-up.
Instead of PHBs with values in the canonical bundle, one could study several related
moduli problems: that of PHBs with values in a bundle of higher degree, for example, or
“K(D) pairs” in the sense of Boden and Yokogawa [2], or the twistor family of Simpson. In
those cases the counterparts of H2(EndE) and H2(End′E) vanish, and hence the normal
bundle of the blow-up locus becomes essentially H1(Hom(E+(1),E−)). The story then
is more conventional: the blow-ups and blow-downs locally resemble those of the standard
example, and so on. The novelty of our situation therefore seems to be connected to the
non-triviality of the obstruction space of our moduli problem, even though the obstruction
map is of course zero.
A “master space” whose quotients, under different linearizations, by a fixed torus action
are the moduli spaces of PHBs with different weights has not been constructed. But if
there is one, it cannot be smooth, for then the blow-ups and blow-downs would resemble
the standard example locally, up to a finite cover [16, 1.15]. Rather, we might expect it to
have ordinary double points, like the cone on the quadric.
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